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G^ 

Abstract. Mass and decay spectra are calculated for quantum 
,^ , massive exitations of a piecewise uniform bosonic string. The 

^ ' physical meaning of the critical temperatures characterising the 

radiation in the decay of a massive microstate in string theory is 
OO ' discussed. 



PLh 



Q , The composite string, in which the (relativistic) string is assumed 

cn ! to consist of two (or more) separately uniform pieces, is a variant of 

the conventional theory. This theory has been generalized and further 



S 



Q ■ studied from various points of view |T[] - [^. The composite string 

0\ ', model may serve as a useful two-dimensional field theoretical model. 

^^ ' Usually, a two-dimensional field theory describes a particular classi- 

cal solution of string theory by constructing a matter system. The 
X- vanishing total central charge of a system ensures the existence of a 

D ! BRST operator, playing a crucial role in world-sheet and space-time 

'^ ' gauge invariance. Such an operator can be interpreted as a generator 

of linearized gauge transformations, mixing ghosts and matter. 

S^ . It is very important that two-dimensional topological field theories 

(like ordinary string models) can sometimes be given space-time inter- 
pretations for which the usual decoupling of ghosts and matter does 
not hold. For example, three-dimensional Chern-Simons gauge theory 
can arise as a string theory [0. Relations between gauge fields and 
strings present fascinating and unanswered questions. The full answer 
to these questions is of great importance for theoretical physics. It will 
provide the true gauge degrees of freedom of the fundamental string 



theories, and therefore also of gravity |T3 |. 

1. In this paper we consider the motion of a two-piece classical string 
in fiat Z)-dimensional space-time. Following the notation in WM we let 
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X^(o", r) (/i = 0, 1, 2, ■■•(/} — 1)) specify the coordinates on the world 
sheet. The action has the form 

S = -\j dTdaT{a)tl'd^X^'dpX,, (1) 

where T(o"), the position-dependent tension T(cr) = Ti + {Tii — Ti)6{a — 
Li), contains the step function 9{y > 0) = 1, 9{y < 0) = 0. The 
tensions Tj and Tu are associated with the pieces Li and Lu of the 
string. The momentum conjugate to X^ is P^{a) = T{a)X^. The 
Hamiltonian of the two-dimensional sheet becomes accordingly 

H= r fP^((T)X^ -2\da=l r T{a) (X^ + X'^)da, (2) 
JO L J 2 Jo 

where £ is the Lagrangian. The basic condition that we shall impose, 

is that H = when applied to the physical states. This is a more 

weak condition than the strong condition Tq./3 = {a, /? = 0, 1) on the 

energy-momentum tensor, applicable for a uniform string. 

2. We quantize the system according to conventional methods as 

presented in Ref. [|T0| (see for detail Ref. fl^)- In accordance with the 

canonical prescription in region I the equal-time commutation rules are 

required to be 

Tj[X^{a,T),X''{a',r)] = -^6{a - a')^'', (3) 

and in region II 

rn[X^(a, T),X''ia', r)] = -^^(a - a')r/'^^ (4) 

where r]'^'^ is the D-dimensional metric. These relations are in confor- 
mity with the fact that the momentum conjugate to X^ is in either 
region equal to T(o")X^. The remaining commutation relations vanish: 

[X^{a,T),X''{a',T)] = [X^(a,r),X^(a',r)] = 0. (5) 

The quantities to be promoted to Fock state operators are a=p„(s) and 
C(^n{s) (first branch, region I), 7^n(s) (first branch, region II), a;^„(s^^) 
and Q;=pn(s~^) (second branch, region I), and 7=f:n(s~^) (second branch, 
region II), where s = Lu/Li. These operators satisfy 

aUs-') = <Hs-'), lUs-') = lil\s''), (6) 

for all n. 

For the first branch we then get 
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K(s), a'^is)] = n5n+mflV^\ [<{s),-i''^{s)] = Anx5n+mfiV'''' , (7) 

with a similar relation for the a„. Here we put x = Ti/Tu. For the 
second branch we get analogously 

(8) 
By introducing annihilation and creation operators for the first branch 
in the following way: 



<is) 



V^<i 



a'tr,(s) 



Vna-n 



Mt/ 



we find for n> 1 the standard form 



(9) 



[<{sl a^^{s)] = K{s), c:;t(.)] = 5^^^^r (10) 

The commutation relations for the second branch are analogous, only 
with the replacement s -^ s^^. In the following we shall limit ourselves 
to the first branch only. The Hamiltonians and mass are given by 



H, 



M'^x 1 °° 

■^^^ + 2 ^ ^n(s)[«n(s) ■ an{s) + dn\s) ■ a~„(s)], 



Hr 



n=l 

M2 



+ S^UJn{S)C^[S) ■ Cn[S} 



.t, 



:ii^ 



(12) 



(13) 



2t(^) „=i 

24 oo 

^^ = ^(-s) H Yl ^n{s)[aii{s)ani{s) + aLa™(s) - 2] 

i=l n=l 

24 oo 
+2st{s) J2 H ^n{s)[cii{s)Cni{s) - l] . 
j=l n=l 

where u!n{s) = (1 + s)n, t{s) = 7rTns/(s + 1) and we have used the 
notation cl^Cn = c'^Cnfj.- We have here put D = 26, the commonly 
accepted space-time dimension for the bosonic string. As usual, the c„j 
denote the transverse oscillator operators (here for the first branch). 

The free energy of the field content in the "proper time" representa- 
tion can be written as follows [|10| 



24^ s 



-40^-26^ 



2) - 2-^'^7r-^°t(s 



-13 



9, 01 



■i7r'^T2 



-1 
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x\r^[{l + s)r]\-''r^[sil + s)ir-r)]-'\ (14) 

where we integrate over all possible non-diffeomorphic toruses which 
are characterized by a single Teichmiiller parameter r = ri + «t2. In 
Eq. (14) the Dedekind r^-function and the Jacobi ^3-function 

00 
Vir)=e'^mi-e'--), (15) 



00 

= eT.-li(l- 


-e^™^), 




n=l 







00 
V ' ixn^+2TTivn 




ra=— 00 





e3{v\x)= J2 e'^" ' (16) 

ra=— 00 

and the condition ti{—t) = ri{T) has been used. Once the free energy 
has been found, the other thermodynamic quantities can readily be 
calculated. For instance, the energy U and the entropy S of the system 
are U = d{pF)/dp, S = (3^dF/d(3. 

The integrand in Eq. (14) is ultraviolet finite if 



;5>A^1J^. (17) 

s V Til 
For a fixed value of Tn the Hagedorn temperature is thus depends on 
s. Finally, let us consider the limiting case in which one of the pieces 
of the string is much shorter than the other. Physically this case is of 
interest, since it corresponds to a point mass sitting on a string. Since 
we have assumed that s > 1, this case corresponds to s — > cxd. We let 
the tension Tn be fixed, though arbitrary. It is seen, first of all, that 
the Hagedorn temperature (17) goes to infinity so that F is always 
ultraviolet finite, I3c — > 0, Tc — ^ 00. Next, since exp (— /9^t(s)/87r^r2) 
can be taken to be small we obtain 




X exp I -—^ ) |r^i(l + .)rjr-r^[s(l + s){r - T)]-^^ (1^ 
57rr2 

Physically speaking, the linear dependence of the first term in Eq. (18) 
reflects that the Casimir energy of a little piece of string embedded in 
an essentially inflnite string has for dimensional reasons to be inversely 
proportional to the length L/ = vr/(l + s) ~ tt/s of the little string. 
The flrst term in (18) is seen to outweigh the second, integral term, 
which goes to zero when s ^ 00. 

3. The spectrum for the decay of a massive initial state 1$ > of 
momentum p^ = (M, 0) into state |$x > ^{k/i > with momentum 
kfi {k"^ = 0) can be presented by the modulus squared of the amphtude 
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summed over all state \^x >■ The initial state |$ > in string theory 



characterized by a partition {Nn} of A^ 



EZi ^nNn, where N^ 



J2i oinjOLnj is the occupation number of the n— th mode. The inclusive 



photon spectrum for the decay of state ${iv„} is given by the sum over 



all states $x satisfying the mass condition and has the form [15 



'^r${iv,j(A;o 



E 



< $x|V^(A;)|${Ar„} > |^Vol(§^-^)A;o^-^rfA;o. (19) 



Here Vol(§^-2) ^ 2tx^^-^^/'^[V{{D - l)/2)]-^ the photon vertex opera- 
tor V{k) is given by V{k) = ^^9t-X^(0) exp(i/c.X(0)), ^^ is the photon 
polarization vector and ^f^k^ = 0. It can be shown that non-planar 



contribution does not change the above result |[15[] . 

Let rriQ and Uo be the Kaluza-Klein momentum and winding number 
associated with the state of closed string compactified on a circle of 
radius R. For the piecewise uniform string the calculation of spectrum 
factorizes into left-right parts of branch I, and a branch II (note also 
that [Hi,Hii] = 0). Following the calculation presented in ||T^ we 
obtain the final result: 



dr 



*(I,II)(^0 





r fco 1 


ceM' n 


e "^i 
to. 


e=i 


1-e ^^ 



Vol(§ 



D-2\uD-l 



k^'dko, 



(20) 



where C is some constant. For the region II the critical temperature 
is Ti = Tc = /3~^, while for the region I the temperatures related with 
right- and left-moving modes are correspondingly given by T2 = 2(M^ — 
Qiy/y{aM), T3 = 2(M2 - Q^)i/2/(aM), where Q± = mo/R ± luqR 



The decay spectrum can be given by analogy with black holes [16]: 



-ko/T 



D-2\iD-2 



c«r$(i,ii)(fco) = CeM'^ko) ^ _ ^_,^^^ Vol(S^-^)A;o^ 



dkn 



(21) 



S(A;o) = fcoe-*^°/^^ (l 



'ko/T 






-h)/Ti 



(22) 



the factor S(/co) depends on temperature T, where T^^ = T2^ + T^^. 
The radiative spectrum from microscopic string states related with 
region I and II is exactly thermal. When M ~ Q^, T2 — T^ = 

1 /9 

2 (M^ — Q\\ /{aM) radiation vanishes. The same situation occur 
when s ~ (Tc ~ 0). 
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Our fundamental theory is based upon the following two conditions 
at the junctions: the transverse displacement itself, as well as the trans- 
verse force, has to be continuous. Moreover, we make two simplifying 
assumptions: first, the tension ratio x is taken to be small, x ^ 0. 
This assumption implies that the eigenvalue spectrum for the compos- 
ite string becomes quite simple: there are two branches, the first branch 
corresponding to c<j„(s) = {l-\-s)n while the second branch correspond- 
ing to ujn{s~^) = (1 + s^^)n, with n an integer. Our second assumption 
is that s is an integer. 

We consider the first branch only. The right- and left-moving ampli- 
tudes in region I can be chosen freely, while the amplitudes in region II 
are thereafter fixed. The oscillations in region I are therefore as for a 
dosed string, whereas the oscillations in region II are standing waves, 
corresponding to an open string. This is the physical background why 
there is only one single critical temperature T^ in region II in Eqs.(20) 
and (22), while there are two critical temperatures T2 and T3 in region 
I. It should be emphasized once more that our composite string is rela- 
tivistic, in the sense that the transverse velocity of sound is everywhere 
in the string equal to velocity of light. How to construct a compos- 
ite string theory in the absence of this relativistic requirement is not 
known. 

Finally we note that the black hole entropy behaviour can be un- 
derstood in terms of the degeneracy of some interacting fundamental 
string excitation mode. Generally speaking the fundamental string and 
p-brane approach can yield a microscopic interpretation of the entropy. 
It will be interesting to consider phases of the piecewise uniform (super) 
string and the Bekenstein- Hawking entropies of black holes associated 
with this string. The entropies can be derived by counting black hole 
microstates; the laws of black hole dynamics could then be identified 
with the laws of thermodynamics. We hope that the proposed cal- 
culation will be of interest in view of future applications to concrete 
problems in string theory, quantum gravity and in black hole physics. 
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